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/ Separation Logic I \

e Introduced by Reynolds&O’Hearn 01 to model:
— a resource logic
— properties of the memory space (cells)

— aggregation of cells into wider structures

e Combines:
— classical logic connectives: A, V, — ...

— multiplicative conjunction: x

e Defined via Kripke semantics extended by:

mlFAxB iff da,bs.t.a,b>mAalFAANbIFB
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/ Separation models, Separation Algebras'

e Decomposition a, b > m interpreted in various structures:

— stacks in pointer logic (Reynolds&O’Hearn& Yang 01),
adbCm

— but also a Wb = m (Calcagno& Yang&O’Hearn 01)
— trees in spatial logics (Calcagno& Cardelli&Gordon 02)

alb=m

e Additive — can be Boolean (pointwise) or intuitionistic

— partial and cancellative commutative monoid

\ — also, single units, indivisible units, disjointness

e Separation Algebra (SA) (Calcagno&O’Hearn& Yang 07) :

~
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Boolean Bl (BBI) and PASL

e BBI loosely defined by Pym as Bl + {—-—A4 — A}

~

Kripke semantics by ND-monoids, Hilbert system (LW&G 06)

Display Logic based cut-free proof-system (Brotherston 09)
Structure Sequent proof-search (Park&Seo&Park 13)
Labeled sequents (Héu&Tiu&Goré 13)

e Propositionnal Abstract Separation Logic (PASL)

based on separation algebras, partial monoids + ...
labeled tableaux (Larchey&Galmiche 09, Larchey 13)
labeled sequents (Héu&Clouston&Goré&Tiu 14)

\o family of undecidable logics (LW&G 10, B&K 10)

/
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Kripke semantics of BBI&PASL (i)

e Non-deterministic(/relational) monoid (ND) (M,o,U)

o:MxM—P(M)and U C M

for X,Y e P(M),| X oY ={z|TxeX,FyeY,zczoy}

xroU = {x} (neutrality), x oy = y o x (commutativity)
ro(yoz)=(xroy)oz (associativity)
(P(M),0,U) is a residuated commutative monoid

residuation on P(M): X —oY ={z|z0 X CY}




/ Kripke semantics of BBI&PASL (ii) \

e Boolean (pointwise) Kripke semantics extended by:

mlFAxB iff da,bst. m€EaobAalFAANDbIFB
mli-A—~«B iff Va,b (bcaomAalFA)=0bIFB
m IF 1 if meU

e Validity in a ND-monoid (M, o,U): VIF,Vm, m |- A
e Validity in a sub-class X C ND: VM ¢ X M IF A

e Set of formula valid in X: BBly

e X C Y implies BBly, C BBl y

\o the full class ND: BBIxp € BBl y /
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Classes of models for BBI '

BBlND—>

BBlpp

BBlpptsu

=

BBlpptca+tsu

BBlpp+ca

e Partial monoids (PD): aob C {k}
e Total monoids (TD): aob = {k}

e Single unit (SU): Ju U = {u}

e Indivisible units (IU): Va,y zoyNU #0 =z €U

e Disjointness (DI): Vo zox #0 =z €U

~

e Cancellative (CA): Vx,k,a,b x € (koa)N(kob)=a=1>

—

BBlpp+ca+su+1u = BBlppica+sutiu+pr
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Single unit models/multiple unit model'

Consider any ND-monoid (M, o, U)
every element z € M has a unique unit u, € U s.t. zou, = {x}
if x € yozthen uy = uy, = u,

the slice monoid:

- (M, ={x e M |u, =u},onN M, x My, {u}) in class SU
- M=M, W UM, &---

- M,z ¥ Fiff M,z ¥ I hence CM preserved by slicing

BBInp = BBlgy and BBlpp = BBlppysu




/ Words and constraints based models for BBI '

e Resources as Words of L* = multisets of letters
e Constraints = (ordered) pairs of words: m — n with m,n € L*

e Partial monoidal equivalence ~ (PME)

x - ky — ky x Y
(€) (s) ()
€~ € Y~ T kxr — ky
Y — TY T~y Y~z
(d) (t)
r T xr — z

e PME = set of constraints closed under these rules

\o given C, the closure is C = ~¢; compactness prop.

~

/
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Extra PME rules, quotients to PD + SUI

Derived rules Extra rules
kxr — vy x -y yk —m kxr — ky
(pr) (1) (ca)
r—T xk —m x
x — ky x Y m — yk €~y
(pr) (er) (iu)
Y -y m — xk €~

e Quotient to PD + SU:

o

— ~ is a partial equivalence relation: L*/~ = {[z] | x ~ x}
— composition of classes: [z] € [z] e [y] iff z ~ xy

— (L*/~, e {|€]}) of sub-class PD + SU; this map is onto
L* /~ of class CA (r. IU) iff ~ closed under (ca) (r. (iu))

~
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TI:m TAxB:m
| |
ass: € —1m ass: ab—-—m
TA:a
TB:b

FA—=xB:m
|

ass : am — b
TA :a
FB:b

1. ~+{€~m} with m ~ m;

e Basic extensions: ~ + {x —y} = ~U{x — y}

2. ~+{ab—-m} with m ~m and a# b € L\A-;
\ 3. ~+{am ~ b} withm~mandaz#be L\A..

/ Labelled tableaux for BBl and basic Constraints' \

e Statements (TA : m), assertions (ass: m —n) and req : m ~ n

/
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PS generated constraints, Strong Completenessl

e Simple PME = infinite sequence of basic extensions from ()

e Failed proof-search generates simple PME as counter-model
e BBlpp.gu is complete for the class of simple PMEs
e Study the properties of simple PMEs

e And obtain other refined completeness results
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Extensions ~ + {ab — m} I \

given ~ PME over L.

given m,a € L* s.t. m~m, mm ~ mm, o # € and A, N AL = ()

~+{a-m}=~U{éz~dy|z~y mzr~myd<caand ¢ {ca}}
U{az — ay | mz ~ my}
J{az ~y|mz~y}
U{:I:—-—ozy|a:~my}

if ~ is cancellative then ~ + {a — m} is cancellative
if & and ~ have no square then ~ + {a — m} has no square

a more recent and general equation (mm ~ mm allowed)

\ ~+{a~m} = {da¥z — fa¥y | m*x ~ m¥y, m* Tz ~ miTVy, § < o for Soﬁ

13
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Extensions ~ + {am — b} I

~ is a PME over L
m,a € L* andb e L st. m~m, a#e, AW A, W{b}

~+{am ~b} =~U{dz ~dy |z~ y,e# < a and zk ~ m for some k}

U {aa:+jb | z ~ jm and jkm ~ m for some k}
U {ib - ay | y ~ im and ikm ~ m for some k}

U {ib — jb | ikm ~ m and jkm ~ m for some k}
if ~ is cancellative then ~ + {am — b} is cancellative

if a and ~ have no square then ~ + {am — b} has no square

/
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Problem is with extensions ~ + {¢ — m} (i)

kx ~0 ab

ac ~q ky

Co = {kx — ab, ky — ac}
~o = Co
~q 1s cancellative

~p contains no squares

~
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Problem is with extensions ~ + {€ — m} (ii)

a "~ kx ~1 ky

C1=CoU{e—~Db,e—~c}

oy =T = ~o + fe b} + {e— )

~1 is not cancellative, kx ~1 ky but x ~; y
~7 contains no (non-invertible) squares

i.e. mm ~1 mm unless € ~; mp for some 3

~
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Problem is with extensions ~ + {€ — m} (iii)

o Co =CiU{e—~x}
o ~y=Co =~y +{e~x}
e ~5 is not cancellative, y ~5 yk but € »5 k

e ~ 5 contains non-invertible squares, yy ~o yy
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Invertible elements ' \

e e~ T -y e —af x - By e —af
(€c) (ic) (i)
€ —apf ar — ay or -— Y
e —apf €—-—ay ar -— oy e —af ar - Yy e—aBf
(i1) (is) (i)
B~ T -y x — By

PME are closed under those rules

invertible letters: /. = {i € L | € ~ im holds for some m € L*}
invertible words: o € I, iff e ~ a3 for some f3

forany a € I, z ~ y iff ax ~ ay

| oigzayy =1~ unless {z,y} NI #0

group-PME: A = I, every defined letter is invertible /
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/ Primary PME I

e for ~ PME, m,a € L* st. m~m, a#e, ALNA, =10
— type-1 extension: ~ + {a — m} with m & I,
— type-2 extension: ~ + {am — b} with b € L\ (A< UA,)

e primary extension: either a type-1 or a type-2 extension

e a primary PME is either
— a group-PME

— a primary extension of a primary PME

e group-PME are cancellative and have invertible squares

\o primary extensions preserve both properties
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Primary PME and Basic PMEI

Primary PMEs are cancellative with invertible squares
Basic PMEs can be transformed into primary PMEs
Hence basic PMEs are cancellative

Simple PMEs are cancellative (by compactness)

BBIPD+SU 18 Complete for CA: BBIPD+SU—|—CA = BBIPD+SU
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Conclusion '

e Labeled tableaux are sound and complete for PASL
e Cancellativity rule is redundant in labeled sequents for PASL

e other properties related to squares:
— IU encoded by rule (iu)
— mm ~mm = € - mf = e~ m (rule (iu))

— BBlppaisus1u complete for disjointness DI

N
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