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Public Announcement Logic

Morphology: p | ⊥ | A ∨ B | A ∧ B | A→ B | Ka B | [A]B
Informal semantic:

Ka B : “the agent a knows that B”
[A]B : “after the announcement of A, B holds”

Formal semantic: M = (W , (Ra)a∈A,)

w  p given
w ϕ,A p := w ϕ A and w ϕ p
w ϕ ⊥ never

w ϕ A ∨ B := w ϕ A or w ϕ B
w ϕ A ∧ B := w ϕ A and w ϕ B

w ϕ A→ B := w ϕ A implies w ϕ B
w ϕ Ka B := for all v ,w Rϕ

a v implies v ϕ B
w ϕ [B]C := w ϕ B implies w ϕ,B C
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Sequent calculi design
Principle

Main idea: sequent proof system for “PAL semantic” theory
Right rules: proof search in G3c
Left rules: apply a “geometric implications” schema
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Sequent calculi design
G3c: contraction and cut free sequent calculus for classical predicate logic

ax

p, Γ ` ∆, p
L⊥

⊥, Γ ` ∆

A,B, Γ ` ∆
L∧

A ∧ B, Γ ` ∆

Γ ` ∆,A Γ ` ∆,B
R∧

Γ ` ∆,A ∧ B

A, Γ ` ∆ B, Γ ` ∆
L∨

A ∨ B, Γ ` ∆

Γ ` ∆,A,B
R∨

Γ ` ∆,A ∨ B

Γ ` ∆,A B, Γ ` ∆
L→

A→ B, Γ ` ∆

A, Γ ` ∆,B
R→

Γ ` ∆,A→ B

A[x ← t ],∀xA, Γ ` ∆
L∀

∀xA, Γ ` ∆

Γ ` ∆,A[x ← y ]
R∀

Γ ` ∆, ∀xA
y 6∈ FV(Γ, ∆)

A, [x ← y ]Γ ` ∆
L∃

∃xA, Γ ` ∆
y 6∈ FV(Γ, ∆)

Γ ` ∆,∃xA,A[x ← t ]
R∃

Γ ` ∆, ∃xA
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Sequent calculi design
Right rules example

Axiom: w ϕ Ka B := ∀v w Rϕ
a v → v ϕ B

Proof-search:
w Rϕ

a v , Γ ` ∆, v ϕ B
R→

Γ ` ∆,w Rϕ
a v → v ϕ B

R∀ v 6∈ FV(Γ,∆)

Γ ` ∆,∀v w Rϕ
a v → v ϕ B

unfold
Γ ` ∆,w ϕ Ka B

Final rule:
w Rϕ

a v , Γ ` ∆, v ϕ B
RK v 6∈ FV(Γ,∆)

Γ ` w ϕ ∆,Ka B
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Sequent calculi design
Left rules principle

∀~z [P1 ∧ . . . ∧ Pm → ∃~x1(Q11 ∧ . . . ∧ Q1r1) ∨ . . . ∨ ∃~xn(Qn1 ∧ . . . ∧ Qnrn)]

with Pi and Qjk atoms, transformed to a left rule

Q11[~x1 ← ~y1 ], . . . ,Q1r1 [~x1 ← ~y1 ],P1, . . . ,Pm, Γ ` ∆
...

Qn1[~xn ← ~yn ], . . . ,Qnrn [~xn ← ~yn ],P1, . . . ,Pm, Γ ` ∆

P1, . . . ,Pm, Γ ` ∆

where ~yi 6∈ FV(P1, . . . ,Pm, Γ,∆)
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Sequent calculi design
Left rule example

Principle

∀~z(P1 ∧ . . . ∧ Pm → ∃~x1(Q11 ∧ . . . ∧ Q1r1 ) ∨ . . . ∨ ∃ ~xn(Qn1 ∧ . . . ∧ Qnrn ))

⇓
Q11[~x1 ← ~y1 ], . . . ,Q1r1 [~x1 ← ~y1 ],P1, . . . ,Pm, Γ ` ∆

...
Qn1[ ~xn ← ~yn ], . . . ,Qnrn [ ~xn ← ~yn ],P1, . . . ,Pm, Γ ` ∆

P1, . . . ,Pm, Γ ` ∆

Axiom ∀w w ϕ Ka B → ∀v w Rϕ
a v → v ϕ B eq. to

∀w∀v w ϕ Ka B ∧ w Rϕ
a v → v ϕ B

giving
v ϕ B,w ϕ Ka B,w Rϕ

a v , Γ ` ∆
LK

w ϕ Ka B,w Rϕ
a v , Γ ` ∆
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Sequent calculus for PAL
ax

w  p, Γ ` ∆,w  p
L⊥ϕ

w ϕ ⊥, Γ ` ∆

w ϕ A,w ϕ P, Γ ` ∆

LAtϕ,A

w ϕ,A P, Γ ` ∆

Γ ` ∆,w ϕ A Γ ` ∆,w ϕ P

RAtϕ,A

Γ ` ∆,w ϕ,A P

w ϕ B,w ϕ C , Γ ` ∆

L∧ϕ

w ϕ B ∧ C , Γ ` ∆

Γ ` ∆,w ϕ B Γ ` ∆,w ϕ C

R∧ϕ

Γ ` ∆,w ϕ B ∧ C

w ϕ B, Γ ` ∆ w ϕ C , Γ ` ∆

L∨ϕ

w ϕ B ∨ C , Γ ` ∆

Γ ` ∆,w ϕ B,w ϕ C

R∨ϕ

Γ ` ∆,w ϕ B ∨ C

Γ ` ∆,w ϕ B w ϕ C , Γ ` ∆

L→ϕ

w ϕ B → C , Γ ` ∆

w ϕ B, Γ ` ∆,w ϕ C

R→ϕ

Γ ` ∆,w ϕ B → C

v ϕ B,w ϕ Ka B,wRϕ
a v, Γ ` ∆

LKϕ
a

w ϕ Ka B,wRϕ
a v, Γ ` ∆

wRϕ
a v, Γ ` ∆, v ϕ B

RKϕ
a

Γ ` ∆,w ϕ Ka B

w ϕ,B C ,w ϕ [B]C ,w ϕ B, Γ ` ∆

L[]ϕ

w ϕ [B]C ,w ϕ B, Γ ` ∆

w ϕ B, Γ ` ∆,w ϕ,B C

R[]ϕ

Γ ` ∆,w ϕ [B]C
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Labeled sequent calculus for PAL (G3PAL)
ax

w :p, Γ ` ∆,w :p
L⊥ϕ

w :ϕ⊥, Γ ` ∆

w :ϕA,w :ϕP, Γ ` ∆

LAtϕ,A

w :ϕ,AP, Γ ` ∆

Γ ` ∆,w :ϕA Γ ` ∆,w :ϕP

RAtϕ,A

Γ ` ∆,w :ϕ,AP

w :ϕB,w :ϕC , Γ ` ∆

L∧ϕ

w :ϕB ∧ C , Γ ` ∆

Γ ` ∆,w :ϕB Γ ` ∆,w :ϕC

R∧ϕ

Γ ` ∆,w :ϕB ∧ C

w :ϕB, Γ ` ∆ w :ϕC , Γ ` ∆

L∨ϕ

w :ϕB ∨ C , Γ ` ∆

Γ ` ∆,w :ϕB,w :ϕC

R∨ϕ

Γ ` ∆,w :ϕB ∨ C

Γ ` ∆,w :ϕB w :ϕC , Γ ` ∆

L→ϕ

w :ϕB → C , Γ ` ∆

w :ϕB, Γ ` ∆,w :ϕC

R→ϕ

Γ ` ∆,w :ϕB → C

v :ϕB,w :ϕ Ka B,wRϕ
a v, Γ ` ∆

LKϕ
a

w :ϕ Ka B,wRϕ
a v, Γ ` ∆

wRϕ
a v, Γ ` ∆, v :ϕB

RKϕ
a

Γ ` ∆,w :ϕ Ka B

w :ϕ,BC ,w :ϕ[B]C ,w :ϕB, Γ ` ∆

L[]ϕ

w :ϕ[B]C ,w :ϕB, Γ ` ∆

w :ϕB, Γ ` ∆,w :ϕ,BC

R[]ϕ

Γ ` ∆,w :ϕ[B]C
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Labeled sequent calculus for PAL (G3PAL)
Results

Need for completion
[A][B]C ↔ [A ∧ [A]B]C not derivable =⇒ 2 more rules:

w :ϕ,A,BC , Γ ` ∆
Lcmp

w :ϕ,A∧[A]BC , Γ ` ∆

Γ ` ∆,w :ϕ,A,BC
Rcmp

Γ ` ∆,w :ϕ,A∧[A]BC

Structural properties
Weakening and contraction hp-admissible, cut rule admissible, all
rules hp-invertible.

Automation
G3PAL sound and complete, but completeness proof relying on
excluded middle and Koenig’s lemma: G3PAL-based decision
procedure ?

Comparison with tableaux method ?
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