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We study the extension of public announcement logic PAL by public assignments, which
we call PALA. Just as in the case of PAL, the standard procedure for deciding PALA valid-
ity, i.e. the use of so-called reduction axioms to translate PALA formulae into formulae in
epistemic logic EL, may lead to exponential growth. In this paper, we show that such a
price is not mandatory, for we provide a polynomial translation of PALA into EL. This is
based on abbreviations of subformulae by new propositional letters. Such optimal transla-
tion also enables us to show the computational complexity of the problem of deciding
PALA validity, which turns out to be coNP-complete in the single-agent case and
PSPACE-complete in the multiagent case.

Keywords: knowledge representation and reasoning; dynamic epistemic logic; public
announcements; public assignments; automated theorem proving; reduction axioms;
complexity

1. Introduction

Dynamic Epistemic Logics (DELs) are extensions of epistemic logic (EL). They provide a
logical modelling of actions and events in terms of their effects on the world and on the
agents’ knowledge. Up to now, research on DELs mainly concentrated on epistemic actions
where agents learn that some proposition is true. The archetype of all DELs is Plaza’s (1989)
public announcement logic (PAL), which has formulae of the form [!{/]¢p, reading ‘¢ holds
after the public announcement of y/’. However, logics have been proposed where assignments
of atomic propositions are added to DELs. They have formulae of the form [p:=y/]¢, reading
‘g holds after p is assigned the truth value of y’ (van Ditmarsch, van der Hoek, & Kooi,
2005; van Benthem, van Eijck, & Kooi, 2006; Kooi, 2007). The semantics of both announce-
ments and assignments is in terms of functions updating Kripke models. We baptise PALA,
the extension of PAL with public assignments. PALA was applied in van Ditmarsch, Herzig,
and de Lima (2007, 2011) to reasoning about actions in Artificial Intelligence.

PALA can be axiomatised by means of so-called reduction axioms. These axioms are
equivalences whose iterated application allows the elimination of the dynamic operators from
formulae. Such rewrite rules allow therefore the reduction of the problem of deciding PALA
validity to that of the underlying epistemic logic. Thus, one obtains decision procedures for
PALA by reduction to EL and decision procedures for EL.
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Clearly, reduction may be suboptimal: basically, as the right hand side of the equivalences
may be twice as long as the left hand side, exponential growth of the reduced formula cannot
be avoided. Lutz (2006) proposed a polynomial reduction from to PAL to EL. That transfor-
mation makes use of a technique which comes from automated theorem proving: in order to
avoid exponential growth when putting formulae into conjunctive or disjunctive normal form,
subformulae y of a given formula ¢ are abbreviated by a new propositional letter n,. This is
done systematically for every subformula of ¢. In the case of modal logics one has to prefix
the abbreviation by what is sometimes called a master modality in order to guarantee that the
equivalence holds not only in the actual world, but throughout the model (which can be
thought of as being point-generated). The transformation preserves validity, and the length of
the resulting formula is polynomial in the length of the original formula ¢.

In this paper we pursue the quest of polynomial reduction procedures. We show that
Lutz’s abbreviation technique can be adapted to PALA. This leads us to an optimal method
for deciding PALA validity. It follows that the problem of deciding validity is coNP-complete
for single-agent PALA, and PSPACE-complete for multiagent PALA.

The remainder of this paper is organised as follows: Section 2 introduces public
announcement logic with assignment PALA. Section 3 contains the standard reduction from
PALA to PAL, which is non-optimal. Section 4 recalls Lutz’s optimal reduction from PAL
to EL, and Section 5 provides an optimal reduction from PALA to EL. Section 6 addresses
multiagent PALA. Section 7 concludes.’

2. Public announcement logic with assignment

In this section we recall public announcement logic with assignment (PALA). We only
present the single-agent case, of which the multiagent case is a straightforward extension.

2.1. Syntax

The language of public announcement logic with assignment PALA is the set of formulae ¢
and assignments ¢ that is defined by the following Backus-Naur Form (BNF):

p=p|-0llone) | Ko |['¢le | [de

ci=¢|p:=¢,0

where p ranges over the countable set of propositional letters P and € is the empty assign-
ment. We write [p1:=y, -, px:=;] instead of [pi:=y, -, pc: =y, €|@.

Let o be one of !¢ or o; the formula [¢]¢ reads ‘¢ holds after all possible executions of
o’. The event !¢ is the public announcement of ¢; and the event p:=¢ is the public assign-
ment of ¢ to the atom p. For example, p:=(g A —q) is an assignment making p false, and
K [p:=(q A —q)]—p is a formula expressing that the agent knows this.

Every [o] is an assignment operator, and every [l}] is an announcement operator. A
dynamic operator is either an assignment operator or an announcement operator. The lan-
guage of public announcement logic (PAL) is the subset of the language of PALA where no
assignment operators occur, the language of epistemic logic with assignment (ELA) is the
subset of the language of PALA where no announcement operators occur, and the language
of epistemic logic EL is the subset of the language of ELA where no dynamic operators
occur.
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We use the standard abbreviations for L, T,V, —, and <: L is p A —p (for some proposi-
tional letter p), T is =L, @ V ¢ is ~(mo A=), 0 — Y is =(p A—)), and ¢ «— ¥ is
(¢ = Y) A — o).

The language just defined allows for complex assignments where a propositional letter
appears more than once on the left hand side of the operator “:=’. Our semantics will make
that in such cases only the leftmost occurrence of this propositional letter matters.

Every assignment ¢ may be considered as a mapping from P to formulae of the language
of PALA. This is recursively defined as follows:

(@)e=gq

W= ={ 0, Mk

(g)o  otherwise

For example, (p)e = p, (p)(p:=-p) = —p, and (p)(p:=¢,q:=p,p:=r) = q.

Then, without loss of generality, an assignment ¢ can be seen as a finite, and hence
partial, function from propositional letters to formulae. The domain of ¢ can be defined
recursively as follows:

dom(e) =0

dom(p:=¢,0) = {p} Udom(o)

It will sometimes be convenient to use finite sets {p;:=¢,,...,p,:=¢,} to denote
assignments; the empty assignment ¢ is then identified with ().

The function len returns the length of a given expression, where an expression is a for-
mula or an assignment. It basically counts the number of symbols to write down the given
expression (without parentheses).” In other words:

len(p) = 1
len(—¢p) = 1+ len(¢p)

len(@ A ) = 1+ len(o) + len(y)
len(Ko) = 1 + len(p)

len([!W]) = 1+ len(y) + len(p)

len([o]) = 1 + len(c) + len(¢)

len(o) = Z len((p)o)
)

pedom(a
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For example, len(L) = len(p A —p) =4, len(T) = len(—L) = 5, and
len(¢ < ) = len(=(¢ A =f) A =(Y A=)
=1+len(=(¢p A=) + len(=(y A —9))

=1+ (len(e) + len(¥) + 3) + (len(e) + len(y) + 3)

=7+ (2 xlen(p)) + (2 x len(y)))

and the length of [p:=q,q:=pAq,e]Kp is 1+ len(p:i=q,q:=p Agq,¢)+len(Kp) = 1+
(1+3+0)+2=7.

2.2. Semantics

Formulae of the language of PALA are interpreted in pointed models of epistemic logic.
First, a model of epistemic logic (EL model) is a tuple M = (W, R, V) such that:

e W is a non-empty set of possible worlds,
* RCW x W is an equivalence relation, and
* V : P — p(W) associates an interpretation ¥ (p) C W to each p € P.

For every w € W, the pair (M, w) is a pointed EL model.

For convenience, we define R(w) = {u|(w,u) € R}. The elements of R(w) are the worlds
the agent considers possible at w.

The satisfaction relation |= between pointed EL models (M,w) = ((W,R,V),w) and
PALA formulae is inductively defined as follows:

M,wkEp iff we V(p)

M,wE —¢ iff M,w¥# @

M,wE @AY iff M,wE @ and M,w E
M,wE Ko iff R(w) C o]y,

M,w = [loly iff M, w | ¢ implies M'?, w =
Mwklde — iff Mowke

where [¢],, = {w|M,w | ¢} is the extension of ¢ in M, and where the models M'? and
M? are updates of the epistemic model M, that are respectively defined as:

Mo = (W', R, V') M° = (W, R, V°)

W' =w We=Ww
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R =Rn([¢],, % [¢],) R =R

Ve =y V(p) = [(p)aly

To illustrate the semantics of PALA, let (M,w) be any pointed EL model. We have
M,wE [p:=1]-p because VP=t(p)=[(p)p:=L)],, =[L],, =0; and we have
M,w E [!p]Kp because R (w) C [p],,-

Note that if (M, w) is a pointed EL model then M7= is an EL model; and if M,w |= ¢
(which is the relevant case in the truth condition) then M'? is an EL model.

Remark. Our definition of updates by announcements is a well-known variation of the stan-
dard definition where W'? = [ ¢],, and V**(p) = V(p) N [@y]; see for example Kooi (2007).

A PALA formula ¢ is valid in a model M = (W,R, V), noted M [ ¢, if and only if
[el,, = W; a formula ¢ is PALA valid, noted |=para ¢, if and only if for all pointed EL
models (M, w), (M,w) = ¢; and ¢ is PALA satisfiable if and only if Epara—¢.

For example, [p:=_1]-p and [!p]Kp are PALA valid, for atomic p. Another example is
Fraca [pi=q,q:=p Ar](p A=g Ns) < (g A=(pAr)As).

This by the way also illustrates that the elements of a complex assignment can be thought
of as being executed in parallel. Just as in PAL, [!¢]¢ is not always PALA valid, nor is the
stronger [!¢]Ke.

The corresponding semantic notions of validity and satisfiability are defined likewise for
PAL, ELA and EL.

Proposition 1. Both PALA and ELA are conservative extensions of EL: if ¢ is an EL

Jormula then both \=paLa @ iff FEL @, and Fpra ¢ iff FeL @.

3. Suboptimal reduction

In this section we present the method that is common in dynamic epistemic logics to prove
decidability, viz. by means of reduction axioms.

3.1. Reduction axioms

Logic EL is the well-known logic S5, whose axiomatisation consists of CPL (the tautologies
of propositional classical logic), rules RM (Modus Ponens) and RN (Necessitation), and
axiom schemes K, T and 5.

from ¢ and @ —  infer RM
from ¢ infer Ko RN
K(¢p — ) — (K¢ — K 1) K
Ko — ¢ T

The axiomatisation of PALA extends that of EL by so-called reduction axioms: equivalences
for all possible combinations of assignments with the logical connectives.
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Proposition 2. (van Ditmarsch et al., 2005; van Benthem et al., 2006; van Ditmarsch,
van der Hoek, & Kooi, 2007)
The following formula schemes are PALA valid.

[alp < (p)o, forpeP Red._ p
Wlp < (¥ — p), forpeP Red,p
[o]=¢ < —[d]e Red._
W]me < (¥ — -[W]e) Red, -
[0](@1 A @y) < ([o]o; Alolp,) Red._ ,
M](oy A @y) = ([Wey AWle,) Red, ,
[0]Ke < Klo]o Red._ x
Ko < (¥ — K[WY]ep) Red,

The right hand side of the above equivalences is simpler than their left hand side, in the
sense that the dynamic operator is either eliminated (in the case of the first two equivalences)
or ‘pushed inward’ (in the case of the other equivalences); see for example Kooi (2007) for a
precise definition of what it means to be ‘simpler’. Such equivalences are called reduction
axioms. To apply them means to replace subformulae of a given formula that match the left
hand side of some reduction axiom, with its right hand side. When we do this we apply the
rule of replacement of equivalents RRE. The latter preserves validity because the below infer-
ence rules do so.

Proposition 3. The following inference rules preserve PALA validity.

from @ < o' infer [We < [WY]¢' REY
from A infer [Wle — W] RE;
from @ < ¢ infer [o]p < [o]¢’ REL
from W — Y'infer [p: =y, 0lp < [p: =Y/, 0l RE._

Proof. RE; and RE{ follow from the proof in van Ditmarsch, van der Hoek, and Kooi (2007)
that the rule of replacement of equivalents preserves PAL validity.
For RE/_, suppose [¢],, = [¢'],, for every model M, and let M be some model. Then
[le]lel,, = [®],.- By hypothesis the latter equals [¢'],,., which in turn is equal to [[a]¢'],,.
For RE!_, suppose [/],, = [¥'],, for every model M, and let M be some model. Then

MP=vo = pp=v's, r

Proposition 2 provides reduction axioms for all combinations of dynamic operators with
EL connectives. Under the condition that we start with some dynamic operator [ly] that is
innermost (in the sense that it has no other dynamic operator in its scope) we have reduction
axioms for all cases, allowing the elimination of [l/]: the resulting formula has one dynamic
operator less than the original formula.

Remark. We did not state reduction axioms for combinations of dynamic operators with
dynamic operators. Such axioms exist for PAL and ELA, viz. [W]lxle < ['(¥ A [W]x)]e
and [o1][o2] < [01 0 03], where o o 6, is the composition of o) and o, that is defined
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as a function composition. However, there can be no reduction axiom for [o][W]¢. In particu-
lar the schema [o][W]e < [/([o]Y)][o]le is PALA invalid. To see this replace o with
p:=p N —Kp and replace both \y and ¢ with p. Then

p:=p A-Kplllplp < [p:=pAN-Kp|T
— T
[([p:=p N —Kplp)llp:=p N —Kplp « [{([p:=p A =Kp]p)|(p N =Kp)
< [l(p A =Kp)](p A —Kp)
— =(p A —Kp)

So the former formula is PALA valid because it reduces to T, while the latter is not because
the last line is not valid in Sb.

The absence of such reduction principles does not hurt. For our purposes we do not need
reduction axioms for sequences of dynamic (announcement or assignment) operators, because
by iterating the elimination of an innermost dynamic operator we end up with a formula
having no dynamic operator at all; in other words, an EL formula. Call red(¢) the result of
rewriting ¢ by the above reduction axioms until all dynamic operators are eliminated.

Theorem 4. Let ¢ be a PALA formula. Then:

(1) red(e) is an EL formula

(2) FpaLa @ < red(op)
(3) EpaLa ¢ if and only if Egp red(o)

Proof. This is proved just as for the other dynamic epistemic logics having reduction axioms
for all logical operators of EL; see for example van Ditmarsch, van der Hoek, and Kooi
(2007), and Kooi (2007).

For the first item, we use that the right hand sides of the reduction axioms are simpler
than their left hand sides in the sense that the dynamic operator is either eliminated or pushed
inwards: as the function red is applied until there is no longer a dynamic operator, the result
no longer has a dynamic operator.

The proof of the second item uses that red applies valid equivalences (Proposition 2) and
that the inference rule RRE preserves PALA validity (due to Proposition 3).

The third item follows from the first two and Proposition 1. |

The last item of Theorem 4 tells us that PALA validity of ¢ can be checked by applying
some EL decision procedure to red(¢). While the problem of deciding EL validity is in coNP,
this does not entitle us to claim the same for the problem of deciding validity in PALA, as
we are going to see now.

3.2. Reduction may lead to exponential growth

We have just seen that red provides a decision procedure for PALA wvalidity. However,
red(¢p) may be exponentially longer than ¢.

Example 5. Consider the family of formulae \y,, that is inductively defined by:

Yo = Po
l//rH»l = LUH::le»l /\anrl]lpn
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Successively applying the reduction axioms to the innermost assignment we get:

Lpn—lizpn /\pn} c. bﬁ:pz /\P2][poI:p1 /\pl]po — [Pn—ﬁ:pn /\pn] o [Pli:pz /\pz](p] /\pl)
and @nfl::pn /\pn]...((pz /\pz)/\(p2 /\pz))
<_>' ((Pn/\pn)/\))

The last formula cannot be reduced any more, and it contains 2" occurrences of the proposi-
tional letter p,.

One may hope to find a polynomial reduction which, given a PALA formula ¢, produces
an EL formula ¢’ such that ¢ < ¢’ is PALA valid. However, this cannot be the case. Lutz
(2006, Theorem 2) showed that if the underlying epistemic logic is K, then there is a family
of PAL formulae ¢, such that for every ¢,, any equivalent EL formula is exponentially
longer than ¢,. While he only conjectured that his result transfers to Sb, French, van der
Hoek, Iliev, and Kooi (2011) recently provided a proof.

Notwithstanding, there may still be a polynomial transformation preserving satisfiability
equivalence (which is a weaker requirement than logical equivalence). The aim of the rest of
the paper is to provide such a transformation.

4. Optimal reduction for PAL

For PAL, Lutz (2006) proposed a polynomial reduction to EL preserving satisfiability. His
transformation adapts a technique originating from automated theorem proving. We present
this transformation now.

4.1. The abbreviation technique for propositional logic

When putting formulae of classical propositional logic into conjunctive or disjunctive normal
form, one faces the problem of exponential growth. For example, the straightforward applica-
tion of the law of distributivity to (@ Ay) V x leads to (@ V x) A (Y V x): the subformula y
occurs twice in the resulting formula, and iterations of the distribution may produce formulae
that are exponentially longer than the original formula.

In automated theorem proving, a standard technique for obtaining polynomial normal
forms is to replace complex subformulae y of a given formula ¢ with a new propositional
letter n, and conjoin the resulting formula and the equivalence n, < y; see for example
Nonnengart and Weidenbach (2001). For example, the complex subformula y in (¢ A ) V x
is replaced with a new atomic formula n,, resulting in (¢ A )V n,, to which the law of
distributivity can be applied without leading to exponential growth. This transformation
preserves satisfiability, in the sense that (@ Ay)Vy is satisfiability equivalent to
(o AY) V) A(ny < 7).

The abbreviation n, < y must also be put in normal form, hence subformulae have to
be abbreviated systematically. This is done by associating to ¢ the following set of bi-impli-
cations (where SF(¢) is the set of subformulae of ¢):
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B, ={n, = p|p€SF(p)NP}U
{nﬁl/, < TNy, | _|l// S SF(@)} U
{ny,npy = my, Any, | A, € SF(o)}

This transformation preserves satisfiability: the original formula ¢ is satisfiable in classical
propositional logic if and only if n, A (A B,) is satisfiable in classical propositional logic.
Moreover the length of the resulting formula is polynomial in the length of the original
formula ¢.

4.2.  The abbreviation technique for epistemic logic

In the case of epistemic logic one has to take into account the modal operator of knowledge:
the definition of B,, is augmented by the set

{nky = Kny | Ky € SF(o)}

Moreover, the abbreviations in B, have to be prefixed by what is sometimes called a
master modality. This guarantees that the equivalences hold not only in the actual world, but
throughout the model (that is thought of as being point-generated). Then the original formula
¢ is EL satisfiable if and only if n, A K(/\ B,) is EL satisfiable.

4.3. Lutz’s optimal reduction for PAL

The abbreviation method does not extend straightforwardly to PAL. To see this suppose we
again augment the definition of B, by the set

{1y = ['nglny | ['oly € SF(e)}

Consider the PAL unsatisfiable formula ¢ = —[!p]Kp (unsatisfiability is the case because
[!p]Kp reduces to p — K(p — p), which is EL valid). However, the formula

n-pyik, N K((2-ppx < i) A
("[!p]Kp A [!"p}nl(p) A

(ngp < Kn,) A
(

n, < p))

is PAL satisfiable in the pointed model ((W,R, V), w), where W = {w,v}, R=W x W, and
Vp) =V(n,) = V(npky) = {w}, and V(ng,) = 0, and ¥ (nk,) = {v}. In particular note
that ((W,R,V),w) ¥ [Iny]nk,, telling us that this naive extension does not allow the correct
abbreviation of subformulae that are in the scope of an announcement.

Lutz succeeded in finding a polynomial transformation redpa;, which maps PAL formulae
to EL formulae in a way that preserves satisfiability equivalence: for every PAL formula ¢,
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¢ is PAL satisfiable iff redpar (¢) is EL satisfiable (Lutz, 2006, Lemma 7), and the length of
the reduction len(redpar(¢)) is quadratic in len(¢p) (Lutz, 2006, Lemma 6). His trick is to
encode the modal context of a sub-formula as a superscript of the new propositional letter.
We do not give the definition of redpar here: it is a particular case of our polynomial
transformation from PALA to EL.

5. Optimal reduction for ELA and PALA

In the rest of the paper we extend Lutz’s (2006) abbreviation technique to PALA. For the
sake of clarity, we split the exposition into two parts. In the first part, we address the frag-
ment of PALA called ELA (i.e. with assignments but without announcements), and in the
second, we address the entire logic PALA.

5.1. From ELA to EL

Call a context a list 2= (Ay,...,4,) of assignments, where m > 0. The empty context is
noted (), and the concatenation of A and the assignment ¢ is A- o = (1, ..., 4n, o). The k-th
element of 1 is noted /.

The assignments governing a subformula of a given formula ¢ make up its context in ¢:
for every subformula y of ¢, the context of y in ¢ is the sequence of assignment operators
governing y in ¢.

Definition 6. Given a context /. and an input formula ¢ we recursively define the set
CS(A, @) of contextualised subformulae of ¢ given A:

CS(4,p) = {(4,p)}
CS(Z, =) = CS(4,7) U {{4,~0)}
CS(Zs i N a) = CS(A71) U CS(4, 1) U {{Ai Ada) }

CS(4,Ky) = CS(2, ) U {(LKp)}

CS(4[oln) = Q U ase, (p)0)> U CS(4-0,7) U {{4[al1)}
cdom(o)

The set CS((), @) is the set of contextualised subformulae of ¢.
For example, for ¢ = [p:= [¢:= r|q]p we get:

CS((),9) = CS((),lg:=rlq) U {{(p:=lg:=rlq),p)} U {0, p:=[g:=rlqlp)}
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Let card(S) be the cardinality of a set S.
Proposition 7. card(CS(Z, ¢)) < len(p).

Proof. We use induction on the structure of ¢. In the base case ¢ is some atomic formula
pePl:

card(CS(4,p)) = card({{4,p)}) = 1 = len(p)

In the induction step there are four cases:
(1) ¢ is of the form —y. We have:
card(CS(4,—y)) = card(CS(4,x)) + 1

<len(y) +1 (by LH.)

= len(—y)

(2) ¢ is of the form y; A y,. This case is similar to case (1) above and is left to the
reader.

(3) o is of the form Ky. Again, this case is similar to cases (1) and (2) above and is left
to the reader.

(4) ¢ is of the form [o]y. We have:

card(CS(4, [a]y)) < card U CS(4 ) + card(CS(4 - a,y)) + card({{4, [a]x)})

edom(o)

< ) card(CS(4, (p)o)) + card(CS( - 0, 7)) + 1

pedom(o)

< Z len((p)a) + len(y) + 1 (by LH.)

pedom(a)
<len(o) + len(y) + 1

= len([a]y)

This ends the proof. |

We now define the set B, of bi-implications associated to ¢:
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B, = {n"‘ < pl{Z,p) € CS((), ¢) and there is no Z; in A s.th. p € dom(4;)} U
{n — nEp) -1 | (4,p) € CS((), ®) and 4y is the right most element of 1 s.th. p € dom(4;)} U
{n’, = =ny | (2,-1) € CS(0), @)} U
W = (0, AW | (s A 23) € CS((0).0)) U
{ni, = Kn, | (2,Ky) € CS((), )} U

{niy, = m7 | (2, [0]7) € CS(0), )}

It is understood that the propositional letters nj are new for ¢, i.e. they do not occur in ¢.
The next lemma will be useful in the proof of Theorem 11 (cf. Endnote 3).

Lemma 8. If CS((), ¢) contains (,y) and the bi-implication associated to n)’} in B, has a
right hand side where n), occurs then CS((), ) contains (i, ). *

Proof. The only non-trivial case is when y is a propositional letter p and 4; is the rightmost
element of A such that p € dom(4;). In this case, we must show that ((41,...,4—1), (p)4)
€ CS((), ). First, assume that 2 = (Ay,...,4,...,4,), where 0 < k < n. Now, by the defi-
nition of CS, we have that if (4, > e CS (() @) then it is because p is a sub-formula of some
formula y, such that ((4i,...,4,—1), [4a]xn) € CS((), @). By applying this same argument
n — k times, we have that if ( > € CS((), @) then it is because p is a sub-formula of some
formula y, such that {(4,.. Ak,l) [26)zx) € CS((), ). By hypothesis, p € dom(4;). Then,
by the definition of CS, we have that the contextualised formula ((4;,...,4—1),(p)%)
€ CS((), ). =

Finally, the reduction of ¢ is:
redELA((p) = nfp) A K(/\ B(/,)

Example 9. Consider the formula ¢ = [p:=qllq:=plq. It is equivalent to q (which can be
checked by the standard reduction method) and is therefore satisfiable. The set of contextua-
lised subformulae of ¢ is computed as follows. First,

CS((p:=q). lq:=plq) = {{(1:=4q),p), ((P:=4,9:=D), 9), ((P:=49), [¢:=Plq) }

Second,

CS(0), ) = €S(0),q) U CS((p:=q), lg:=pla) U {(0); [p:=4llg:=pla)}

={(0,9)} U {p:=9),p), ((p:=q,9:=P),q), (p:=4q), [g:=plq)}
U {0, lp:=4llg: = plg)}
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Now the reduction redgpa (@) is

(5-0)

Just as the original formula ¢, the reduction of ¢ is satisfiable.
Just as with Lutz’s (2006) reduction, the method above avoids the sub-translation of ¢
and does not lead to an exponential growth of the resultant formula.

Proposition 10. redga is a polynomial transformation.

Proof. By Proposition 7, the set B, contains at most len(¢) elements. The length of each
new atom ni such that (4, y) € CS((), ¢) is 1. The maximal length of the right part of a
bi-implication B,, is when ¢ is a conjunction. In this case, we have:

v A i _ 2 A A A A i
len(nm/\lz - <nZ1 Anlz)) - len<(nl1/\12 - (nll An%z)) A ((nJm A nZz) - nXMXz))
_ A ) 2 A A A
= len (_‘ (nxl/\}{z A ﬁ(nil A nlz)) A _‘<<nll A nlz) A ﬁnlMZz))

=15

This therefore bounds the length of A B,: len(¢) times the worst case length 15 of each
element in that set, plus the conjunction symbols, i.e. 16 x len(¢) — 1. Therefore, redg 4 is a
polynomial transformation from the language of ELA to that of EL; precisely, the length of

redera (@) = nY) AK(AB,) is bound by 3 + (16 x len(¢) — 1). |

Intuitively, for each pair (4, %) € CS((), @), the associated bi-implication guarantees that

the new propositional letter n; is true in a pointed model (M, w) exactly when y is true in the
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pointed model (M*, w). We then have the following result:
Theorem 11. For every ELA formula ¢,,.

(1) redgra(@q) is an EL formula.
(2) @, is ELA satisfiable if and only if redg A (@) is EL satisfiable.

Proof. First, redgra (@) is clearly an EL formula.

Let us prove the ‘if” part of the second statement: suppose M, w, = nfp)u ANK (A By,).
We show by induction on len(1) + len(¢) that

for every (2, 7) € CS((), @,) and w € R*(wp) : M, w |= n; iff M* w =y

where len(1) and M* are recursively defined as expected as: len(()) =0, and len(A- o) =
len(1) + len(c); and MV = M and M*? = (M*)°. Note that since ((),@y) € CS((), o) this
allows us to conclude that M, wy E ¢,.

The induction base is len(4) + len(p) = 1. Therefore, we must have A = () and ¢ =p
for some propositional letter p occurring in ¢,. Then for every w € R*(wy) we have
M,wEpiff M,wE n},), because by hypothesis M, w = B, and n,Q — p € B,.

For the induction step, suppose M*,w |= y iff M,w = n/ for every w in R*(wg) and
(u, x) such that len(i) + len(y) < m, and let (4, @) € CS((), ¢,) with len(4) + len(¢p) = m.
Let A be (4,...,4,). We analyse the form of ¢.

1) e=peP.

We consider two sub-cases.

o If there is no & < n such that p € dom(/y), then

M,wE nj;

iff M,wkp (because M, w = B,)
iff w e V(p)

iff w e V(p) (because there is no & s.th. p € dom(4y))
iff M*, w [ p.

« If there exists k& < n such that p € dom(/;) then consider the rightmost such %, i.e.
such that p ¢ dom(4;) for every / such that k<[ < n, then

M,wE n;
iff M,wE nE;;'A‘k'";'k") (because M, w = B,)
iff M)y | (p) dg (by LH.)’
iff M) w = [ (by the reduction axiom)
iffM(il,..A,z/;),w 'ZP
iff M, wEp (because p ¢ dom(/;), for k<l < n).
(2) o =-y.
M,wE nﬁl// .
%ff M,wE -, (because M, w = B,)
iff M, w bénf/;

iF M, w A (by LH.)
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iff M*,w = -y

(B) @ =y, N,
This is similar to case (2) above and is left to the reader.

4) ¢ = Ky.
M,w = ng,,
iff M, w = Kn, (because M, w = B,)
iff M,u = ni for all u € R(w)
iff M, u = for all u € R*(w) (by LH. and because R* = R)
iff M* w | K.

() ¢ = [o]y.
M,w s ni,
iff M,w | nj° (because M, w [ B,)
iff M7 w = (by LH.)*
iff M* w = [o]y.

This ends the ‘if” part.

Finally, let us prove the ‘only if* part: suppose M = (W, R, V') and M, wy |E ¢,. We
construct a new model M’'= (W, R, V'), where V' is defined as follows: V'(p) = V(p) if p
oceurs in @g, and V' (n}) = {w|M*, w = 1}, for (1, %) € CS((), o)

We clearly have M’ wy = nfp)o. It remains to show that:

M',w [ y, for every y € B, and every w € W

Let / be (41,...,4,). We inspect the possible forms of y.

() y=peP.
We consider two sub-cases.

* If there is no k < n such that p € dom(/), then

M w = n
iffwe Vv’ (nl’,)
iff M*,w  p (by the definition of V")
iff w e V4(p) (because p ¢ dom(/y) for any k)
iff we V(p)
iff we V'(p) (by the definition of V)
iff M, w = p.
Therefore, M',w = n;,' = p.

« If there exists £ < n such that p € dom(/) then consider the rightmost such %, i.e.
such that p ¢ dom(4;) for every / such that k</ < n, then

M wE n;'

iff we V'(n))

iff M*,w = p (by the definition of V")
iff w e V*(p)

iff w € PVi4)(p) (because p ¢ dom(/;), for k</ < n)

iff M) = p
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iff M) ,w E )Lklp
iff M i) W F (€ Ak
iff M’ w|:n :

Therefore, M’ W F n])) PN n(/tl,.“7/uk—l).

(P)2k
@) 1=~
M’,w E nixl iff M*, w | =y,
iff M W
iff M’ wbény

iff M’ w|:ﬂn/

Therefore, M', w |= n* _'";1'

G x=1Nra-

This is similar to case (2) above and left to the reader.

) 7 =Ky
M wE ni%
iff M*, w = Ky,
iff M* u F 1 for all u € R*(w)
iff M',u |5 n forall u € R*(w)
)

1ffM’ Ju forallueR(
iff M’ wlan

(%) x = [o]xy-
! A
M, w = nigy,

iff M w | [o]1,
iff M7, w E 1
iff M w = n;l"

This ends the ‘only if” part.

(by the reduction axiom)
(by the definition of V).

(by the definition of V)

(again, by the definition of V)

(by the definition of V)

(again by the definition of V")
(because R* = R)

(by the definition of V)
(again, by the definition of V).

Theorem 12. The problem of deciding satisfiability for single-agent epistemic logic with

assignments ELA is NP-complete.

Proof. By Proposition 10 redg; 4 is a polynomial transformation from the language of ELA to
that of EL. Moreover, redgp o preserves satisfiability because of Theorem 11. Therefore, the
complexity of the problem of deciding ELA satisfiability is at most that of deciding single-

agent EL satisfiability, which is in NP.

Due to Proposition 1, ELA is a conservative extension of EL. As the problem of deciding
EL satisfiability is NP-hard, the problem of deciding ELA satisfiability is also NP-hard. It
follows that the problem of deciding ELA satisfiability is NP-complete. |
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5.2. From PALA to EL

Now, we extend the procedure given in the last section to the entire logic PALA. The first
thing to do is to extend contexts to sequences of assignments and announcements.

Definition 13. The set CS of contextualised subformulae is the same as in Definition 6 plus
the following clause for announcements:

CS(4, ["lne) = CS(4, 1) U CS(A-Yyy512) U {4 [lia) }

Proposition 14. Let ¢ be a PALA formula. Then card(CS(4, ¢)) < len(¢).

Proof. We employ induction on the structure of ¢. The induction base, as well as cases (1) to
(4) are exactly as in the proof of Proposition 7. In the induction step we have an additional case:

&) o= luln
card(CS(4, ['111x2))
< card(CS(2, 7,)) + card(CS (4 - 111, 7)) + card({(4, [!71]22)})

< len(y,) +len(x,) + 1 (by LH.)
= len([!y]12)-
This ends the proof. u

We define the set B, of bi-implications as follows:
B, = {nj, < p|(4,p) € CS((), ¢) and there is no A in A s.th. p € dom (44)} U
{n < ng, )" A’f")|</1,p> € CS((), @) and Z is the right most element of
/. s.th. p € dom()}U
{n, = —nj|(2.7) € CS((), @)} U

{nynsy = (g A0 A o) € CS((),9)} U

{n;{y - K<<k< /)\ . ny“‘”’)'k”) —n >|</1 Ky) € CS((), @) and 4 is of length n} U
<n,l;=!

{nf,y, = n7|(2,[0lx) € CS((), )} U

i i A
{n[!Xl]Zz - (n71 - nm( /1>)

(4 ['aln) € €S0, @)}

where we extend the domain function dom to announcements by stipulating dom(!¢p) = 0.
The clause for K conditions the abbreviation of y by the contextual truth of all the precondi-
tions ¥ occurring in the context A (precisely, of the abbreviations of these preconditions).
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Finally, the reduction of the PALA formula ¢ is the formula

redpALA((p) = I’lg A K(/\ B(p)

Example 15. Consider the formula ¢ = [!-p|[q: = p|Kgq. Applying the reduction axioms we
get:

('=pllg:= pIKq < [!-p|K[g:=plq
< [-p]Kp
= — K[=plp
< p—K(p—p)

— p—Kp

The last formula is EL equivalent to p. Therefore, ¢ is PALA satisfiable.
First, we compute the set of contextualised subformulae. We have:

CS((), ['pllg:=p]Kq) = CS((),—p) U CS((!-p), [q:=p]Kq) U {{(), ['"-rllg:=p]Kq)}
= {{0,=»),{(0,p)} U CS((*-p),p) U CS(('-p,q:=p),Kq) U
{(=p), lg:=pIKg)} U {0, ['-rllg:=p]Kq)}

= {(0,)(0,p} U {{(l=p),p} U {{('-p,q:=p),q),
((*=p,q:=p),Kq)} U{{(I-p),lg:=p]Kq)} U {((), ['-pllg:=p]Kq)}

Now, using the bi-implications, the reduction of ¢ is
0 0 0 (*=p)
Mpllg:=pikg K((n[!ﬁp][q::p]l(q - (nﬁp - n[q::p]Kq)) A

(n(!z?) PN n;{’;ﬂ,%:ﬁ)) A

(nﬁ;pvq::p) PN K(ngp _ né!ﬁp«,q:—p>>) A

(n((]!wqr:p) PN n!()!ﬂp)) A
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(n\™ = p) A

(ol = =) 1

(n) < p))
It can be checked that the reduction of ¢ is EL satisfiable.

Proposition 16. redpapa is a polynomial transformation.

Proof. First, due to Proposition 14, card(CS(/4, ¢)) < len(¢). Second, the longest bi-implica-
tions are those of the form

)1~-»-«,ik71))

Moy = K((Mesnimmy, — ).

As n is at most len(¢p), the length of the conjunction A<, A,(f;wn()l %) s at most

2 x len(¢p) — 1. Hence, the length of that bi-implication itself is at most 7 + (2x1)+2x
(2 xlen(p) —1+5)) =17+ (4 x len(¢p)). Therefore, the length of each bi-implication is
linear in len(¢).

It follows that the length of (redpara(¢) is quadratic in len(¢). |

Theorem 17. For every PALA formula ¢:

(1) redpara(@y) is an EL formula.
(2) @ is PALA satisfiable if and only if redpara(@q) —ng/,n/\K(/\B,,,O) is EL
satisfiable.

Proof. First, redpara () is clearly an EL formula.

For the ‘if” part of the second statement suppose M, wy = ng,,)o NK(ABy,). We show by
induction on len(4;) + ...+ len(4,) + len(y) that for every ((11,...,4,),%) € CS((), @y):

if MUvA1) o b=, for all 4y sth. gy = Wy, and w € RU-4-1) (1),
then M, w = ni ifft M wky

where the definition of length is extended to announcements by stipulating len(!¢p) = len(¢).
Since ((), o) € CS((), @y) this allows us to conclude that M, wy = ¢, i.c. that ¢, is PALA
satisfiable.

In the induction base 4 = () and y = p, for some p in ¢,. Then we have M, w | n,(,) iff
M,w = p because M, w k= B,, and because w € RV (wp).

In the induction step, let 4 be (4i,...,4,), for some n > 0, and suppose MUdiet)
wo | Yy if 4 = W,. We analyse the form of ¢. There are six cases. Cases (1) to (3) and (5)
are exactly as in the ‘if” part of the proof of Theorem 11. Case (4) has to be adapted:

@) x=Ky;.
M,wlznf'%

iff M, w = K((Ak<n = .(pkn\(p" v 1)) N n/ ) (because M, wy | B, and w € R*(wy))
iff for all u € R(w), M, u | 1(///]7 4 for'all k < n s.th. iy = W, implies M, u ):n
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iff for all weR(w), MY-*1) yky, for all k<n sth. J = W, implies

M*u =y, (by LH., n times)’

iff for all u € R*(w), M*,u |= z, (because u € R*(w)
iff u € R(w) and MV-71) 4y = oy, for all k < n)°

iff M, w = Ky,

Case (6) is new:

©) 1= "l

M,w ): nf}ZI]Zz

iff M,w = n), — n)" (because M, w [ B,,)
. p bl P

iff M,w ¥ n, ,or M,w|=n, and M,w E n, "

iff M* w ¥y, or M" wl y, and M,w n;("z"‘”' (by LH. on y,)
iff M*,w # 3, or M*,w =z, and M1 w = 4, (by LH. on y,)

iff MiaW F [!XI]XZ

This ends the ‘if” part.
Let us now prove the ‘only if” part. Let M = (W,R,V) and M,wy = ¢,. We define a

new model M' = (W R, V'), where V' is defined as follows: V’'(p) = V(p) if p is in ¢, and
V'(n}) = {wlM*,w = z} for (4, %) € CS((), @) We show that:

M',w [ B, for allw e W

There are six cases, according to the form of the left hand sides of B,,,. Cases (1) to (3)

and (5) are exactly as in the ‘only if’ part of the proof of Theorem 11, so we only prove the
remaining two cases.

4) x=Kpx

Let 2 be(Ay, ..., /).

M wE ni‘(ll

iff M*, w Ky, (by the definition of V)

iff for all u € R*(w), M*,u = y,

iff for all u € R(w), M14-1) y =y, for all k < n s.th. 2 =, implies M*, u |
(because u € R*(w) iff u € R(w) and M V141 1y |= ;. for every k < n)®.

iff for all u € R(w), M',u k= nj"" =) for all k < n s.th. i = Iy, implies M’ u |= n,

(again by the definition of V)

i M w | K((Acu ) = nl)

(6) 2= ["x1lx2-

M, W": nf}ll]?{z
iff M~ wE [In]x (by the definition of V)
iff M* w =y, implies M*' w = 7,

iff M',w |=n) implies M, w | n’ "% (again by the definition of V)
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. ! A yaye
iff M, wn, —n;

This ends the ‘only if” part (and the proof). |

Theorem 18. The problem of deciding satisfiability for single-agent public announcement
logic with assignment is NP-complete.

Proof. Due to Proposition 16, redpapa is a polynomial transformation. Then NP-membership
follows from Theorem 17. Finally, NP-hardness follows from the fact that PALA is a
conservative extension of EL (Proposition 1). |

6. Multiagent case

As said before, multiagent PALA is a straightforward extension of PALA. Assume a finite
non-empty set N of agents. Then, in the language of multiagent PALA, instead of a single
epistemic operator K, we define an operator K; for each agent i € N. Formulae of the form
K;p are read ‘agent i knows that ¢’. The length of such formulae is defined as usual:
len(K;p) = 1 + len(¢).’

For its semantics, the models are tuples M = (W ,R, V), where W and V are as for sin-
gle-agent PALA and where R : N — 2""*" associates to each agent i an equivalence relation
R;. The satisfaction relation is as before for the Boolean and the dynamic operators, and:

M,wEK;p iff Ri(w)C[e],

The technique we used to provide an optimal transformation from single-agent PALA to
single-agent EL cannot be transferred literally in the multiagent case. The reason is simple.
Note that the key idea of the reduction is that each bi-implication in B,, is enforced to be true
in every world of the model (assuming that it is point-generated).

In the single-agent case, the operator K is enough to enforce that, but it is clearly not
enough in the multiagent case.

There is a simple way to get around this problem. All that we need is a kind of master
modality. That role could be played by the common knowledge operator: if one replaces the
operator K by that operator in theorems 11 and 17 then we obtain the same results. In this
case, the reduction would be from multiagent PALA without common knowledge to ultiagent
EL with common knowledge. But the latter is EXPTIME-complete, while multiagent PALA
without common knowledge is PSPACE-complete, as we show in the sequel.

To do so we have to add the ‘everybody knows’ operator E to our language. Formulae of
the form E¢ are read ‘every agent knows that ¢’. As before, its length is
len(E¢p) = 1 + len(¢). For its semantics, we use the same models, and the satisfaction rela-
tion is as before, plus:

M, wEEg iff | JR(w) C o],
ieN

The set of agents N being finite, E¢ is logically equivalent to A;eyK;¢p. Hence, multi-
agent EL with E is just as expressive as multiagent EL, and E could have been defined as an
abbreviation in multiagent EL. According to Lutz (2006, Footnote 2), the addition of this
operator only makes it more succinct, without increasing the computational complexity of the
problem of deciding satisfiability.

However, E is not a master modality yet; we need yet another definition. The epistemic
depth ed(¢@) of a PALA formula ¢ is recursively defined as follows:
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ed(p) = 0
ed(—¢) = ed(@)
ed(, A ¢,) = max(ed(¢, ), ed(¢,))
ed(K;p) = 1 + ed(¢)
ed(Eg) =1+ ed(¢)
ed([lg,]g,) = max(ed(¢,), ed(¢,))

ed([o]p) = max( max (ed(a(p)), @)

pedom(a)

Let E* stand for the string formed by operators E repeated k times; precisely, we induc-
tively define E°¢p = ¢, and E¥*'¢p = EE*¢. Now we are ready to define reduction.

redpaca (@) = ”Ep) AE) (/\ Bw)

Proposition 19. redpara is a polynomial transformation.

Proof. As seen in the proof of Proposition 16, for every nj — Y € B, we have

len(n; =) <17+ (4 x len(p)).

And as seen above in Proposition 14, card(B,) < len(¢). Therefore,

len(\ B,) <len(¢p) x (17 + (4 x len(¢)) + 1).

Finally, as ed(¢) < len(¢p), we have

len(Eed(w) (/\Bw) ) =ed(¢p) + 1en(/\B(p)§len(q)) +len(ep) x (17 + (4 x len(e)) + 1)
The length of redpara (@) is therefore quadratic in the length of ¢. [ |

Theorem 20. For every multiagent PALA formula ¢, rtedpara (o) is a multiagent EL

Jormula, and ¢, satisfiable if and only if redpara(@o) :ng,,)o/\ (/\kged((,,o)Ek(/\B%D is

satisfiable.
Proof. This is essentially the same as for Theorem 17.

The problem of deciding multiagent EL satisfiability is PSPACE-complete. Therefore, we
immediately get:

Theorem 21. The problem of deciding multiagent PALA satisfiability is PSPACE-complete.
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7. Conclusion

We gave optimal decision procedures for the logic of public announcements and assignments
PALA, adapting Lutz’s (2006) abbreviation technique for PAL. We showed that the problem
of deciding validity is coNP-complete for single-agent PALA, and PSPACE-complete for
multiagent PALA.

Our results also have practical value because they can be directly applied to reasoning
about actions in the situation calculus. Indeed, in van Ditmarsch, Herzig, and de Lima
(2007), and van Ditmarsch et al. (2011), we showed that Reiter’s (1991, 2001) solution to
the frame problem in terms of successor state axioms can be recast in PALA: assignments
allow the modelling of ‘physical’ actions, and announcements allow the modelling of epi-
stemic observation actions. This means that one can also see our procedures as optimal
decision procedures for Reiter-style reasoning about actions. In this respect, an interesting
question is whether our work can be extended further to deal with so-called sensing
actions. Such actions are defined in Scherl and Levesque (1993, 2003): they are actions of
the form ?¢, which test whether some boolean formula ¢ is true. They can be viewed as
abbreviating the nondeterministic composition of two announcements: ?¢p = !¢ U !=¢. The
problem is that the expansion of such abbreviations leads to exponential blow-up. We there-
fore cannot straightforwardly integrate primitive sensing actions into PALA: it is not clear
how the associated reduction axiom

[?oIKiy = ((0 — Ki(@ — [Po[Y))A (¢ — Ki(=g — [?ol})))

could be ‘compiled’ into the polynomial transformation. Further evidence that the presence of
sensing actions increases complexity is provided by the result in Herzig, Lang, Longin, and
Polacsek (2000) that plan verification in this case is IT5-complete.

Another generalisation of our results would be to allow for non-public events, as in
Baltag, Moss, and Solecki (1998), and Bacchus, Halpern, and Levesque (1999).
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Notes

1. This paper extends and improves the second part in van Ditmarsch, Herzig, and de Lima (2007).
The first part of that paper has been extended and improved in van Ditmarsch et al. (2011).

2. Strictly speaking, the propositional letter p has to be encoded as a binary number 7, and the length
of p is therefore log, n. It follows that the number of symbols required to write down a formula ¢
is len(p) x logy(len(¢)+1). This, however, does not change our results. In particular, the reduction
of Proposition 10 remains polynomial.

3. The induction hypothesis is applicable because len(4,, ..., 4—1) + len((p)Ax) < len(4y,..., A1)
+len(/) < len(A) + len(p), and because ((41, ..., 4x—1), (p)4) € CS((), @o). The latter is guaran-
teed by Lemma 8.

4. The induction hypothesis is applicable because len(/ - o) + len(y) < len(1) +len([o]y)).

5. The induction hypothesis applies to every ¥, because

len(Ay) + - -+ len(hg—1)+ len(yy,) = len(Ay) + - - - + len(hg—1) + len(Ag)
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< len(X) + -+ len(},)
< len(h) + -+ +len(h,) + len(y,).

6. In detail, we prove by induction on k that u € RV (w)iff u € RV41)(w) and Jx = I,
implies M 141 b=, ‘

7. Note that the induction hypothesis applies to y, because due to M*,w [ y;, the condition of the
inductionhypothesis is satisfied.

8. In detail, we prove by induction on k that u € RV1%)(w) iff u e RVt"%1)(w) and Jx = W,
implies M%)y =,

9. Strictly speaking, we also have to encode the length of the agent index of K. We suppose neverthe-
less that len(K;¢p) = 1 + len(¢) for the same reasons as we gave in Endnote 2.
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